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Abstract. In this paper, we introduce a class of infinite matrices 
related to the Beurling algebra of periodic functions, and we show 
that it is an inverse-closed subalgebra of B{£'lj), the algebra of all 
bounded linear operators on the weight sequence space £^ , for any 
1 < q < oo and any discrete Muckenhoupt ^^-weight w. 

1. Introduction 



Let us begin the sequel to [13] by introducing a new class of infinite 
matrices, 

(1.1) i3(Z^Z'^) := |a := (a(^,j))^,,ez^ | \\A\\b(z^z^) < oo}, 

where d > 1, \x\oo := max(|xi|, . . . , \xd\) for x := (xi, . . . , Xd) G M"^, 
and 

(1-2) PllB(Zd,Zd) X] ( . .^^P 

It is observed that a Toeplitz matrix A := {a{i — j))ijez associated 
with a sequence a := (a(?T.))„gz belongs to i3(Z, Z) if and only if the 
Fourier series a(^) := X^nez '^(^) exp(— ^— 1 nC,) belongs to the algebra 

oo oo 

(1.3) A*(T) := I V a(n)e-^"« I V sup \a{n)\ < oo). 



n=— oo k=0 



The above algebra A*(T) was introduced by A. Beurling for establish- 
ing contraction properties of periodic functions [8], and was used in 
considering pointwise summability of Fourier series [TOl [151 CHI SOI HE] . 
So the class i3(Z'^,Z'^) of infinite matrices can be interpreted as a non- 
commutative matrix extension of the Beurling algebra A*{T). 
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Define the Grochenig-Schur class S{1j'^, Z*^) by 

(1.4) ( sup y2 sup y2 <oo\ 



[3711111113], and the Gohberg-Baskakov-Sjostrand class C(Z°', Z^) by 

(1.5) C(Z^Z^) := {{a{^,J))^ , \ ( sup |a(z,j)|) < oo} 

' , ™j i—j=k 

P Eni ESI 1321 EHl 113]. The above two classes of infinite matrices ap- 
peared in the study of Gabor time- frequency analysis, nonuniform sam- 
pling, and algebra of pseudo-differential operators etc (see [21 HI [211 EHl 
[391 [12] for a sample of papers) . From (11.11) , (11.41) and (11.51) it follows 
that 

(1.6) B{p, Z^) c C{Z\ Z^) c S{Z\ Z'^). 

This shows that any matrix in i3(Z'^, Z'^) belongs to the Grochenig- 
Schur class iS(Z'^,Z'^) and also the Gohberg-Baskakov-Sjostrand class 
C(Z'^,Z'^). 

An equivalent way of defining B{Z'^, Z'^) is the existence of a radially 
decreasing sequence {h{i)}i^id for any infinite matrix A := {a{i, j^^d G 
i3(Z'^, Z'^) such that 

(1.7) |a(z,j)l <fe(^-j) foralH,jGZ^ 



:i-8) 



t) < oo, 



and 

(1.9) b{i) = h{\i\oo) for some decreasing sequence {h{n)}'^^Q. 

Therefore any infinite matrix in B{Z'^, Z'^) is dominated by a convo- 
lution operator associated with a summable, radial and (radially) de- 
creasing sequence. We remark that any infinite matrix in the Gohberg- 
Baskakov-Sjostrand class C{Z'^, Z'^) is dominated by a convolution op- 
erator associated with a summable sequence P, [201 [23 [321 EHl [43] . 

A positive sequence w := {w{i))i(zid is said to be a discrete Aq-weight 
for 1 < g < oo if there exists a positive constant C such that 
(1-10) 

iea+[0,N-l]'i iea+[0,N-l]'i 
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hold for all a E TJ^ and 1 < G Z, and to be a discrete Ai-weight if 
there exists a positive constant C such that 

(1.11) iV-^ y w(i) < C inf w(t) 

, ,^ i&a+[0,N-l]'i 

jea+[0,Af-l]'' 

hold for all a G Z'^ and 1 < iV G Z [milO]. The smallest constant C for 
which fll.lOp holds when 1 < g < oo, and respectively for which (11. lip 
holds when g = 1, to be denoted by Aq{w), is the discrete Ag-bound. 
The positive sequences ((1 + |«|oo)°)iezd with —d < a < d{q — 1) if 
1 < g < cxo, and respectively with —d <a<Oifg = l, are discrete 
Ag-weights. 

For 1 < q < oo, a positive locally integrable function w on is said 
to be an Ag-weight if there exists a positive constant C such that 

for all cubic Q G M.'^, where \Q\ denotes the Lebesgue measure of the 
cubic Q [36]. Similarly for g = 1, a positive locally integrable function 
w is said to be an Ai-weight if there exists a positive constant C such 
that 

(1.13) 1^ j w{y)dy < Cw{x), x eQ 

for all cubic Q G M.'^ [H]. One may then verify that a positive se- 
quence w := (^w{i)).^^^ is a discrete A^-weight if and only if w{x) : = 

Siezd '"^(0X[-i/2,i/2)d(^ ~ '^) is an Ag-weight, where 1 < g < cxd and xe 
is the characteristic function on a set E |33] . 

For 1 < g < oo and a positive sequence w := {w{i))i^zd on Z'^, let 
:= iliZ'^) be the space of all weighted g-summable sequences on Z , 
i.e., 

(1.14) iliZ') := {(c(^)),,^. I ||c||g,^ := ( J] |c(^)|%(^))'^' < oo}. 



For the trivial weight wq (i.e. wo{i) = 1 for all i G Z ), we will use i'^ 
and II ■ II g instead of il^^ and || ■ \\g,wo for brevity. Define the discrete 
maximal function by 
(1.15) ^ 

Mc(i) := sup . V |c(A;)| for c := (c(i))ie2;d. 

k&+[-N,N]'i 

Similar to the characterization of an Ag-weight on R'^ via the standard 
maximal operator [34] , the discrete y4„- weight can be characterized via 
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the discrete maximal function on the weighted (.^ space. More precisely, 
a positive sequence w := (w(O)ieZ'* is a discrete Ag-weight if and only 
if the discrete maximal operator c i — )■ Mc is of weak- type i.e., 
there exists a positive constant C such that 

C 

(1.16) wii)<—\\c\\lw for all a > and c e 

Mc(i)>a 

Moreover for 1 < g < oo, the discrete maximal operator M is of strong 
type {(-l^Aw) for a discrete Ag-weight w, i.e., there exists a positive 
constant C such that 

(1.17) ||Mc||g,^ < C"||c||g,^ for all cg£^. 

The reader may refer to [18] for a complete account of the theory of 
weighted inequalities and its ramification. 

Now let us present our results for infinite matrices in i3(Z'^,Z'^). In 
Section [3l we establish the following algebraic properties for the class 
B{7/, U^) of infinite matrices. 

Theorem 1.1. Let 1 < q < oo, and letw he a discrete Ag-weight. Then 
B{7/', Z"') is a unital Banach algebra under matrix multiplication, and 
also a subalgebra of B^il^), the algebra of all bounded linear operators 
on the weight sequence space £1^. 

By Theorem 11.11 every infinite matrix A E i3(Z'^, Z'^) defines a 
bounded operator on £^ for any 1 < g < oo and for any discrete 
Ag-weight w, i.e., there exists a positive constant C such that 

(1.18) Pc||g,^ <C||c||g,^ for all ce^. 

Besides the above boundedness of an infinite matrix on the weighted 
sequence space it is natural to consider £^-stability. Here for 1 < 
q < oo and a positive sequence w on Z"', we say that an infinite matrix 
A has ilj- stability if there exists a positive constant C such that 

(1.19) C-ic||g,^ < pc||g,^ < C||c||g,^ for all c G C- 

The £^-stability is one of the basic assumptions for infinite matrices 
arising in the study of spline approximation, Gabor time-frequency 
analysis, nonuniform sampling, and algebra of pseudo-differential op- 
erators etc (see [21 H [211 [Ml [291 [391 ill |13] and the references therein.) 
In Section [H we establish the equivalence of ^^-stabilities of any infinite 
matrix in B{Z'^, Z'^) for different exponents 1 < g < oo and for different 
discrete Ag- weights w. 
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Theorem 1.2. Let A e B{Z'^,Z'^). If A has il-staMUty for some 
1 < g < oo and for some discrete Ag-weight w, then it has i'^, -stability 
for all 1 < q' < oo and for all discrete Ag/ -weights w' . 

The reader may refer to [U, [38], Il9] for the equivalence of unweighted 
£^-stability of infinite matrices in the Gohberg-Baskakov-Sjostrand class 
C{Z'^, T^). If A G B[il) has a left inverse B e B{ei), i.e., BA = I, then 
A has £^-stability. The converse is not true in general, unless q = 2. 
As an application of Theorem II. 2^ we show that the converse holds for 
any infinite matrix A in 

Corollary 1.3. Let 1 < q < oo, and let w be a discrete Aq-weight. 
Then an infinite matrix in B{'L''',I/) has il^-stability if and only if it 
has a left inverse in 

Given a Banach algebra B, a subalgebra ^ of i3 is said to be inverse- 
closed ii A & A and the inverse A~^ of the element A exists in B implies 
that A-^ G ^ tlSESmZI- The next question following the £^-stability 
of an infinite matrix in B{7/', U^) is whether its inverse, if exists in 
B{£1,), belongs to BiJJ^.'L^), or in the other word, whether B{'Z^,Z'^) 
is an inverse-closed subalgebra of B{il^). 

The inverse-closedness for the subalgebra of absolutely convergent 
Fourier series in the algebra of bounded periodic functions was first 
studied in [9l [191 ESI [50] . The inverse-closed property (=Wiener's 
lemma) has been established for infinite matrices satisfying various 
off-diagonal decay conditions, see [31[Sl[Sl|T71[231[251[2ni[3ni[lIl[13] 
for a sample of papers. Inverse-closedness occurs under various names 
(such as spectral invariance, Wiener pair, local subalgebra) in many 
fields of mathematics, see the survey [21] . 

The inverse-closed property for non-commutative matrix subalgebra 
has been shown to be crucial for the well-localization of dual wavelet 
frames and dual Gabor frames [H [2H [29], [301 [31] , the algebra of pseudo- 
differential operators [221 l2Hl [39] , the fast implementation in numerical 
analysis fTH [T31 [27] , and the local reconstruction in sampling theory 

It mixes art and hard mathematical work to consider the inverse- 
closed subalgebra of B{il^). The art is to guess the off-diagonal decay 
of infinite matrices in an algebra A, while the work is to prove the 
inverse-closedness of the algebra A in B{ilj). There are several ap- 
proaches to prove the inverse-closedness of a subalgebra of B^il^). Here 
are three of them: (i) the indirect approach, such as the Gelfand's tech- 
nique [TT] nil [25] ; (ii) the semi-direct approach, such as the bootstrap 
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argument [29] and the derivation trick [23]; (iii) the direct approach, 
such as the commutator trick [HI ES] and the asymptotic estimate tech- 
nique [381 SD US]- Each approach has its advantages and hmitations. 
For instance, the Gelfand technique and the asymptotic estimate tech- 
nique work well for inverse-closed subalgebras of B{£'^) with q = 2, but 
they are not directly apphcable for inverse-closed subalgebras of B{i'^) 
with q ^ 2. The commutator trick is applicable to establish Wiener's 
lemma for subalgebra of B{&)^ 1 < g < oo [SI EHj- In Section we 
combine the commutator trick, the asymptotic estimate technique and 
the equivalence of £^-stability for different exponents q and for dif- 
ferent discrete Ag-weights w, and then establish Wiener's lemma for 
subalgebras of where 1 < g < oo and w is a discrete A^-weight. 

Theorem 1.4. Let 1 < g < oo and letw be a discrete Aq-weight. Then 
B{Z'^,Z'^) is an inverse-closed subalgebra of B{ilj). 

As an application of Theorem 11.41 we obain Wiener's lemma for the 
Beurling algebra y4*(T) of periodic functions [7]. 

Corollary 1.5. If f E A* (J) and /(O ^ for all ^ E R then 1/f E 
A*(T). 

As applications of Theorems 11.21 and II. 4[ we establish the equiva- 
lence between the £^-stability of an infinite matrix in i3(Z'^, Z'^) and 
the existence of its left inverse in B{'Z'^, 

Corollary 1.6. Let 1 < g < oo, and let w be a discrete Aq-weight. 
Then an infinite matrix in B{'Z'^,'Z'^) has il^-stability if and only if it 
has a left inverse in i3(Z'^,Z°'). 



2. A CLASS OF INFINITE MATRICES 

In this section, we introduce a class of infinite matrices with off- 
diagonal decay, which includes the class B{Z'^, Z*^) in the Introduction 
as a special case. 

A weight matrix on Z'' x Z'^, or a weight matrix for brevity, is a 
positive matrix u := j))ijezd with each entry not less than one, 
i.e., 

(2.1) u{i,j)>l for alH, j G Z'^. 

For 1 < p < oo and a weight matrix u := (m(«, j))jjez'*; define 



(2.2) i3p,,(Z^Z'^) := [a := (a(^,j))uez^ 



l^llBp,„(Zd,Zd) < oo 
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where 
(2.3) 



\A\ 



sup \a[i,])\u[i,] 



If p = 1 and u = 1 (i.e., all entries of the weight matrix u are equal 
to 1), then 

(2.4) i3p,„(Z'^, Z'^) = B{Z'^,Z'^) and || ■ ||Bp „(zd,zrf) = II ■ IIbcz^.z^)- 

In this paper, we use Bp^u, -S, |H|bp_„, |H|b instead of Bp^uilJ^, Z"'), B{Z''-, Z'^), 
II ■ llBp,„(zd,zd), II ■ ||B(zd,zd) for brevity. 

Remark 2.1. Let 1 < p < oo and m be a weighted matrix. Define the 
Grochenig-Schur class 5p_u(Z'^, Z"') of infinite matrices by 



(2.5) 5p,„(Z^Z'^) := A := (a(2, j))„-6Z^ 



\A\ 



d < OO 



where 
(2.6) 



max 



sup \\{a{i,j)u{i,j)).^^^\\^, sup \\{a{i,j)u{i,j)) 



[371 im US]- For p = 1, the class 5i_u(Z'^, Z"*) were introduced by 
Schur [3^ for weight matrices u := {w{i)/w{j))ij^^d generated by pos- 
itive sequences w := {w{i))i^^d, and by Grochenig and Leinert for 
weight matrices u := {v{i — j))jjez<^ associated with positive functions 
V on R"'. For 1 < p < oo, the class iSp^u(Z'^, Z"') was introduced by Sun 
for polynomial weights u := ((1 + \i — j|oo)")jjeZ'' with a > d{l — 1/p) 
in [Hj and for any weighted matrix u in ^3]. From the above defini- 
tion of the Grochenig-Schur class 5p,„(Z'^, Z"^), the following inclusion 
follows: 

(2.7) i3p,„(Z^Z'^) c5p,„(Z^Z^) 

for any 1 < p < oo and for any weight matrix u. 

Remark 2.2. Let 1 < p < oo and m be a weighted matrix. Define the 
Gohberg-Baskakov-Sjostrand class Cp^u(Z'^, Z'^) of infinite matrices by 



(2.8) Cp,„(Z^Z^) := 
where 

(2.9) Pllc,.4z^z^) : 



A := (a(«, j))i,jezd 



\A\ 



< oo 



sup {\a{i,j)\u{ij)) 

i-j=k 



[61 [201 [251 [261 [321 [391 is]. For p = 1 and the trivial weight matrix uq 
(i.e., Uo{i,j) = 1 for all i,j G Z'^), the class Ci_„q(Z'^, Z'^) was introduced 
by Gohberg, Kaashoek, and Woerdeman [20] as a generalization of 
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the class of Toeplitz matrices associated with summable sequences. It 
was reintroduced by Sjostrand in considering algebra of pseudo- 
differential operators. For p = 1 and nontrivial weight matrices u := 
{v{i — j))jjgz'^ associated with positive functions v on M.'^, the class 
Ci,„(Z'^, Z'^) was introduced and studied by Baskakov |6] and Kurbatov 
[32] independently, see also [25]. The above definition of the Gohberg- 
Baskakov-Sjostrand class Cp,„(Z'^, Z'^) is given by Sun [43j for any 1 < 
p < oo and any weight matrix u. From the definition of the Gohberg- 
Baskakov-Sjostrand class Cp^u(Z'^, Z"^), we have the following inclusion: 

(2.10) i3p,„(Z^Z'^) cCp,,(Z^Z'^) 
for any 1 < p < oo and for any weight matrix u. 

Remark 2.3. The inclusions fl2.7p and f l2.10l) become equalities for 
p = oo, i.e., 

(2.11) i3oo,.(Z^ Z"^) = Coo,«(Z^ Z"^) = 5oo,„(Z^ Z"^) =: X(Z^ Z"^) 

The class JJ(L^, l/') of infinite matrices is usually known as the Jaffard 
class, P [131 EHl ESI EHl im US] . The Jaffard class JuiZ'^, Z'^) with poly- 
nomial weight u := ((1 + i|)")jjez<i was introduced by Jaffard |t29j in 
considering wavelets on an open domain. The Jaffard class JJ(L^,Z^^ 
with weight matrices u := {v{i — j))ij^^d associated with positive func- 
tions V on was introduced by Baskakov [B] independently, and later 
applied nontrivially in the study of localization of frames [2S], adaptive 
computation [13], and nonuniform sampling [42] . 

For the class Bp^u of infinite matrices, we have the following propo- 
sition. 

Proposition 2.4. Let a E C, 1 < p < oo, u be a weight matrix, and 
let A := {{a{i, j))ij^z'i o.iT'd B := {b{i, j))i ji^^d belong to Bp^u- Then 

(i) \\A + B\\b < \\A\\is + \\B\\b . 

V / M ' II ^p,u — II II ^p,u ' II II ^p,u 

(ii) \\aAU,^^ = \a\\\A\\s,,^. 

(iii) = where A* := {aU,i)). .^^a ^s the conjugate 
transpose of the matrix A. 

(iv) < ^f\A\ < \B\, I.e., |a(2,j)| < W,3)\ for all 

i,j e Z'^. 

All conclusions in the above proposition follow directly from (12. 2 p 
and (12. 3p . From the conclusions (i) and (ii) of the above proposition, 
we see that || ■\\Bpu is a norm on the class Bp^u of infinite matrices. The 
properties in the conclusion (iv) is usually known as the solidness of 
the matrix norm 11 ■ IIr . 
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< OO. 

p/{p-l) 



3. Algebraic properties 

In this section, we establish some algebraic properties for the class 
Bp^u of infinite matrices and give a proof of Theorem ll.li 

Let us first recall the concept of a p-submultiplicative weight matrix 
u [251 SSI Hi]- For 1 < p < OO, a weight matrix u := j))ijez<* is 
said to p-submultiplicative if there exists another weight matrix v : = 

{v{i, i))ij(^id such that 

(3.1) v{i,])>l foralH,jeZ^, 

(3.2) u{i, j) < u{i, k)v{k, j) + v{i, k)u{k, j) for alH, j. A; G Z*^, 
and 

(3.3) Cp{v,u):= ( sup {v{i,j){u{i,j))~^)) 

For p = 1, we simply say that a weight matrix is submultiplicative 
instead of 1-submultiplicative. We call the weight matrix v satisfying 
fl3.ll) . 03.21) and fl3.3p a companion weight matrix of the p-submultiplicative 
weight matrix u. Denote by C{u) the set of all companion weights of a 
p-submultiplicative weight matrix u, and define the p-submultiplicative 
bound Mp{u) by 

(3.4) Mp{u) := inf Cp{v,u). 

One may verify that C{u) is a convex set and the infinimum of Cp(f , u) 
in the set C{u) can be attained for some companion weight matrix v. 
So from now on, except stated explicitly, we always assume that the 
companion weight f of a p-submultiplicative weight matrix u is the one 
satisfying 

(3.5) Mp{u) =Cp{v,u). 

Remark 3.1. From the definitions of p-submultiplicative weight ma- 
trices on X Z^, we have the following: 

(i) A p-submultiplicative weight matrix is g-submultiplicative for 
all 1 < g < p. 

(ii) A necessary condition for a weight matrix u := {u{i, j))ij^^d to 
be p-submultiphcative is u{i,j) < Cu{i, k)u{k,j) for all k G 
Z'^ and for some positive constant C. When p = 1, the above 
necessary condition is also a sufficient condition |25j . 

(in) Let 1 < p < oo,S E (0,1), and let a be a number with the 
property that a > d — d/p if 1 < p < oo, and a > if 
p = 1. Then the Toeplitz matrices pa '■= ((1 + \i — j\oo)°') ^ j^^d 
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generated by the polynomial weight (1 + |x|oo)", and es '■ = 
(exp(|i — j\io))ij^z'i generated by the sub-exponential weight 
exp(|x||^), are p-submultiplicative [33]. 

Now we state the main result of this section, an extension of Theorem 

o 

Theorem 3.2. Let 1 < p,q < oo, u be a p-submultiplicative weight 
matrix with the p-submultiplicative bound Mp{u) , and letw be a discrete 
Aq-weight with the Aq-bound Aq{w). Then the following statements 
hold. 

(i) If V is a companion weight matrix of the p-submultiplicative 
weight matrix u, then 

(3.6) \\AB\\s,^^^ < 2^l^b^'^-^y^{\\A\\saB\W. + Pb,J|i?b,,J 

for all A,B E Bp^u- 

(ii) Bpu is (and hence B is also) an algebra. Moreover 
(3.7) 

< 2i+2/P5('^-i)/PMp(M)P||6^,J|i?||6„„ for all A,Be Bp,^. 

(iii) Bp^u is a subalgebra of B. Moreover 

(3.8) \\A\\b < Mpiu)\\A\\s,,^ ioT all A e Bp,u. 

(iv) Bp^u is (and hence B is also) a subalgebra of B^il^). Moreover 

(3.9) \\Ac\\q,^ < 2''3''/%Aq{w)Y/''Mp{u)\\A\\B,Jc\\q,^ 
for all A G Bp^u md c E i^^. 

Before we give the proof of the above theorem, let us next have some 
remarks on the unital Banach algebra property of the algebra Bp^u, on 
the equahty of spectral radii in the algebras Bp^u and Bi^y, and on the 
inclusion Bp^u C B{il^). 

Remark 3.3. For 1 < p < oo and a p-submultiplicative weight matrix 
u := {u{i, j(zzd, following the standard procedure [HI [35] we define 
:= ^^P\\BU^^^=i \\AB\\s,^^ for A e Bp,^. Then 

(3.10) < \\A\\'bJ\B\\'b,,^ for all A, B e Bp,.. 
If the weight matrix u further satisfies 

(3.11) M := sup u{i,i) < oo, 

then the identity matrix I belongs to Bp,u, and the norms || ■ \\bp,u ^-nd 

11 ■ ll'g^^ on Bp,u are equivalent to each other, because 

M-'\\AU,,^ < \\A\\'^^^^ < 2i+2/P5(^-i)/^Mp(«)||A||H,.„ for all A G Bp,^ 
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by the conclusion (ii) of Theorem 13.21 and the fact that = M. 

Therefore if 1 < p < oo and m is a p-submultiphcative weight matrix 
satisfying (13. lip , then the class Bp^u of infinite matrices endowed with 
the norm 11 ■ 11 « becomes a unital Banach algebra. 

Remark 3.4. Let 1 < p < oo, u be a p-submultiplicative weight 
matrix, and v be its companion weight matrix. If the companion weight 
matrix v is submultiplicative, then both Bp^u and Bi^^ are algebras by 
the conclusion (ii) of Theorem 13.21 and Bp^u is a subalgebra of Bi^^j since 

(3.12) < Cp{v,u)\\A\\B^^^ for all A e 

Applying (I3.12p with A replaced by A" and then taking n-th roots and 
the limit as n — t- oo yields 

Ps^^M) ■■= limsup(||A"||e,Ji/n < limsup(P"l|s^,Ji/" =: p^.^M)- 
Applying the conclusion (i) of Theorem 13.21 gives 

(3.13) < 2l+2/P5(d-l)/ppn||^^ Ji^nji^^^^^ 

and then taking n-th roots and letting n — )■ oo lead to the inequality 
PBp,SA) < PBi,„(^)- This concludes that if m is a p-submultiplicative 
weight matrix and its companion weight matrix v is submultiplicative, 
then the spectral radii PBp,„(^) and pB^ ^A) are the same for any A G 
Bp^ui i-e., Pbi^(A) = pis^^{A) for all A G Bp^u- The above procedure 
to establish the equality of spectral radii in the algebras Bp^u and Bi^y 
from the inequality in the conclusion (i) of Theorem 13.21 is known as 
Brandenburg's trick [HI [23]. Another technique to prove the equality 
of spectral radii in two algebras Ai and A2 with the same identity is 
by showing that 

(3.14) \\AU, < C\\AU, 
and 

(3.15) \\A^\\a, < C\\AfJ^^%\A\\]^,l^ for all A G A, 

where || ■ |Ui and || • IU2 are norms in the algebra Ai and A2 respectively, 
and where C G (0, 00) and 9 G [0, 1) are constants independent of 
Ae A. The estimates in (IXn]) and flXTBD for A2 = B{f) and Ai = 
>Sp,„(Z'^,Z'^) or Cp,„(Z'*,Z'^) are established in [HI |13], while the ones 
for A2 = B^i"^) and Ai = Bp^, 1 < P < C)0, are given in Lemma [5^31 

Remark 3.5. The conclusion (iv) of Theorem 13.21 about the bound- 
edness of an infinite matrix in B on the weight sequence space £^ is a 
simplified discrete version of the second conclusion in [lO l Proposition 
2 of Chapter 10]. The reader may refer to [261 Lemma 3.1] for a general 
result on the boundedness of an infinite matrix on sequence spaces. 
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We conclude this section by giving the proof of Theorem 13.21 



Proof of Theorem \3.B. (i): Let 1 < p < oo, m be a p-submultiphcative 
weight matrix, and let f be a companion weight matrix of the weight 
matrix u. Take A := {a{i, j))ij^^d and B := {b{i, j))i j^^d in Bp^u, and 
write AB := (c(z, jg^d. Then it follows from (13.2^ that 



\c{i,j)\u{i,j) = a{i,k)b{k,j) u{i,j) 

< \a{i,k)\u{i,k)\b{k,j)\v{kj) 
(3.16) +Y\a{i,k)\v{i,k)\h{k,j)\u{k,j) for alH, j G Z'^. 



For 1 < p < cxD, we obtain from fl3.16p that 

^ \a{i,k)\u{i,k)\h{k,j)\v{k,j) 



< ( ^(|a(z,A;')|n(^,A;')r|6(^',j)l^(^',j);'^' 

/ X — ^ \ (p-i)/p 

x( ^ Hk\3)\v{k\3)] 



x( sup {\a{i\ j')\u{i' , j')y) 

^\i'-j'U>\i-3\oo/2 ' 

+ ( sup {\h{% ,2)\v{% ,3))) 



{\a{i,}^)\u{i,}^)Y~\\^'' 



\i'-3'U>\i-j\ool2 

sup 

v-y\oo>\i-3Uii 

< {\\BhJ^'-'^^'{\\Bh.J sup {\a{z\f)\u{^,f)Y 

+ sup {\b{^,j'M^,f))^''^" 

^ \i'-j'\oo>\i-j\oo/2 
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and 



\a{i,k)\v{i,k)\b{kj)\u{k,j) 



sup {\b{'i,j')\u{i',j')Y 

\i'-j'\oo>\i-j\oo/2 

+ {\\B\KJ( sup {\a{z',j'Mz\f))^''^" 
^K'-i'U>|i-iloo/2 

Combining the above two estimates with f l3.16p leads to 



sup {\c{i,j)\u{i,j)) 

\i-j\oa>\k\oo 



X 



sup {\a{t\f)\u^\f)y 

|i-j|cx)>|fc|oo/2 



sup {\h{i' ,j)\v{i' 

l«-i|oo>|fc|oo/2 



i/p 



sup {W\3')\u{i\3')y 

|j-i|oo>|fc|oo/2 



sup {\a{i' ,j)\v{i' 

l*-i|oo>|fc|oo/2 



i/p 



J 



< 2^/''5<<'-'>/p(p||b,,J|B||b,„. + M||b,J|B||b.„), 



where we have used the fact that 
(3.17) 



sup 

\i-3\oo>\k\^/N 



Hi,j)\) <N{2N + lY-^ { sup |a(z,j)|) 



for any integer > 1 and A := {a{i,j)) G B. This proves (13. 6 p for 
1 < p < oo. 

For p = oo, it follows from (I3.16P that 



(3.18) 



Hence (13. 6 p for p = oo is proved. 

(ii) Let V be the companion weight matrix of the p-submultiplicative 
weight u that satisfies (I3.ip - (l3.3p and (13. 5p . Then 

(3.19) < Mp{u)\\A\\s,,^ for all A G B^,^, 
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because 



sup \a{i,j)\v{i,j) < ( sup \a{i' , j')\u{i' , j')) 

K-i|cx>>|fc|oo ^ |j'-i'|cx,>|fc|oo ^ 

(3.20) x( sup vi^,f)iui^',f))-') 

hold for all keZ"^. Combining ([HI]) and ( |XT9ll proves (lO) . 

(iii) Let f be the companion weight matrix of the p-submultiplicative 
weight u that satisfies fl3.ip - fl3.3p and flS.Sp . Then 

(3.21) Pile < for all A E B,,, 

by (13. ip for the weight matrix v. This together with (13.191) gives (13. 8p 
and hence proves the conclusion (iii). 

(iv) By (iii), it suffices to prove 

(3.22) \\Ac\\,,^ < 22'^3'^/''(A,(w))1/^||A||b||c||,,^ 

for all A := (a(z, j))ijeZ'' E Band ceil- Set h{n) := sup|i_j.|^>„ |a(i, j)|. 
Then {h{n)}'^^Q is a decreasing sequence, i.e., h{n + 1) < h{n) for all 
n > 0, and 



(JXJ LXJ 

^/i(2'-i)2('+i)'^ < 2'^h{l) + 2^+^Y,{ Yl h{s)y^''' 

1=1 1=2 2'-2<s<2i-l 

oo 

< 22'^/i(l) + 23'^^/i(s)s^-^ 



1) 



=2 

oo 



< 22^^/1(1) + 22'^ci-i ^ ^ h{\k\ 

s=2 k&'l with |fc|oo=s 

(3.23) < 2'\\\A\\s-hm. 

For 1 < g < oo and a discrete Ag- weight w, 

1/9 



Pell,,. < {$^($^MK-j|oo)|c(j)l)'t^(^) 

1/ °° —1 

< Mo){$^|c(OIMO} %{l]M0(E^(2'-^)2^'^i)^)'~ 



x(j]M2-^)2-(™-)( 5: |c(j)l)')} 

«=1 2'-l<|i-j|oc<2' 
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Thus 



Pc||,,^ < /i(0)||c||,,^ + 22'^(«-i)/^(P||b-/^(0))(^-i)/^ 



X 



oo 



g-i^ l/g 



1=1 

2'-l<|j-j'|oo<2' 

This together with the discrete Ag-weight assumption leads to 



X 



oo 

W{t] 



1=1 ieifi 



1/9 



X 

2'-i<|i-i|oo<2' 



oo 

X 



5;A(2'-')2I'+')''(5;|cO)|'u.(j) 



/=i jez^* 



ee{-l,0,l}d |i-j-e2'-i|oo<2'-i ^K-i'U<2' ^0' ) 

< 22'^3'^/^'(A,H)1/«P||b||c||,,^, 

and hence fl3.9p for 1 < g < oo is estabhshed. 

The conclusion fl3.9l) for g = 1 can be proved by similar arguments. 
We omit the details here. □ 



4. £^-STABILITY 

In this section, we prove the following theorem, a slight generalization 
of Theorem 11.21 and Corollary 11.31 We also provide a characterization 
to the £^-stability of a Toeplitz matrix in B. 

Theorem 4.1. Let 1 < p < oo, 1 < g, g' < oo, let the weight matrix u 
he p-submultiplicative, and w,w' be discrete Ag-weight and Agi-weight 
respectively. If A E Bp^u hf^s (il^- stability, then A has i^^,- stability. 
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As the trivial weight wq (i.e. Wo{i) = 1 for all i G Z'^) is a discrete 
Aq- weight for any 1 < g < oo, we have the following corollary of 
Theorem 14.11 Similar result about ^''-stability for different exponents 
q G [l,C)o] is established by Aldroubi, Baskakov and Krishtal [Ij for 
infinite matrices in the Gohberg-Baskakov-Sjostrand class Ci_p^(Z'^, Z'^) 
with a > {d + ly, by Tessera [19] for « > 0, and by Shin and Sun [38] 
for a > 0, where = ((1 + \i - j|oo)")i,jezd- 

Corollary 4.2. If A E B has i'^ -stability for some I < q < oo, then A 
has i'^ -stability for all 1 < q' < oo . 

The £^-stability is one of the basic assumptions for infinite matrices 
arising in many fields of mathematics (see [21l2|2ll[28l|29l[39lll2lll3] 
for a sample of papers), but little is known about practical criteria 
for the £^-stability of an infinite matrix, see [46j for the diagonal- 
blocks-dominated criterion for the £^-stability of infinite matrices in 
the Gohberg-Baskakov-Sjostrand class C(Z°',Z'^). As an application of 
Theorem 11.21 we have the following characterization to the £^-stability 
of a Toeplitz matrix in B. 

Corollary 4.3. Let 1 < q < oo, A := {a{i — j))ij(=zd be a Toeplitz 
matrix in B, and let w he a discrete Ag-weight. Then A has il^-stability 
if and only if a(0 := Enez-^ a{n)e-^ "V for all ^ G M'^. 

To prove Theorem 14.11 we recall a characterization for discrete Aq- 
weights. 

Lemma 4.4. [HI HQ] Let 1 < g < oo. Then w := {w{i))i^j^d is a 
discrete Ag-weight with the Aq-bound Aq{w) if and only if 

jea+[0,A'-l]'' iea+[0,N-l]'i 

(4.1) < Ag{w)N"^ ic(orw^(«) 

iea+[0,A'-l]<* 

hold for all a G Z"^, 1 < G Z and sequences c := (c(z))jg2d. 

To prove Theorem 14. 11 we need a technical lemma about estimating a 
bounded sequence c via the sequence Ac, which will also be used later 
in the proof of Theorem II. 4[ Similar estimate is given in [3^ when 
the infinite matrix A belongs to the Gohberg-Baskakov-Sjostrand class 
C(Z'^, Z'^) and has -stability for the trivial weight w = 1. 

Lemma 4.5. Let 1 < q < oo, and w be a discrete Aq-weight. If A E B 
has ilj- stability, then there exists a nonnegative sequence {(?(«) jie^d on 
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such that 

(4.2) 5Z ( . sup 9{i)) < oo 
and 

(4.3) \c{i)\<Y,g{i-j)\{Ac){j)l i^TL\ 



where c & £°°. 

Proof. Without loss of generality, we assume that 

(4.4) ||c||g,^ < ||Ac||,,^ for all c e . 

Let h{x) = min(max(2— |x|oo, 0), 1) and iV be a sufficiently large integer 
chosen later. Define linear operators "^n^n e NZ'^, on £^ by 

(4.5) ^^c := (^(^)c(j)) for c := (c(j)),ez<^ G 

Then for c := (c(j))jgzd G £^ and \n — n'\oo < SA*", 
||(>P^.4-/l*^)>P^c||,,„ 

1/5 



xa(i,i)/i(^^^)c(j)| ^/;(i)| 



\i-j\oo<VN 

1/9 



E Hi,j)\\c{j)\yw{z)} 

i<^^'' \i-j\oo>VN 

< |22'^+2'^/«Ar-V2(^^(^))i/9||^||g + 2^'^+2'^/«+^(>lg(«;))i/« 
(4.6) x( E 
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where the last inequahty follows from Theorem 13.21 and the following 
estimate: 

^ sup \a{i,j)\ 

fcg^d |«-i|oo>max(|fc|oo,v^) 

< + sup \a{i,j)\+ sup |a(2,j)| 



|fc|oo>^/]V/2''"^''°°-''''°° 

Similarly for c := (c(j)),g2d G and \n — n'\oo > 8N, 



q,w 

1/g 



< ( sup ^ |a(z',/)|)( 5^ ( 5^ |c(j)l)'^W 

W j'\ac>\n n'U/2 |j-n|oo<2Af |i-n'|oo<2Af 

< 2'''N\Mw)Y/'^( sup |a(^',/)|) 

(4.7) 

Define 

(4.8) a„ := ^ ^(i'), e A^Z'^. 

\i'-n\ao<2N 

and the linear operator $jv on £^ by 
(4-9) 

:= (( J2 for c := (c(j) W ^ C. 



1/9 



Then for all n' G A^Z'^ with \n-n'\<8N, 

(4.10) a„ < ^ w{i') < 6^^A 

|i'-n'|oo<10Af 

by (53]), and 

(4.11) ll*^c||g,^ < ||c||^,^ for all c G 
Note that ^^c G for any c G and n G A^Z'^, and 

(4.12) iKcll,,^ < ay^||c||oo, n G A^Z"^. 
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Then for c G combining g31), ^M, TO, (ICTj) . and ( KTTh leads 

to 



(4.13) «;V'^||v^^c||,,^<«-V'^||Avl/^c 



c 



-l/'?lhTf^. 



|n'-n|<^<8Af 



x{(iV-i/2||^||^ + 2^+i V sup |a(z',/) 



|n'-n|oo>8Af 

x|22^iV'^(A,(^))i/^( sup |a(^',/)|)| 

=: a-'/^^:iAc\u^+ j2 v^in - n')a-y^^::,c\\,,^. 

Define sequences Vj^ := (y^{n))n(zNzdJ > 1, as follows: 
(4.14) 

V^{n) := 1/jvH if / = 1 and n G iVZ^ 

^i(^(^) := En'eNZ'^ ^Nin - n')V^-\n') if / > 2 and n G NZ". 
Then for c G applying (14. 13^ repeatedly yields 

(4.15) + E /o>l. 
Set 

(4.16) e^:= E ^up \VUn)\. 
Inductively for / > 2, 

+ejv E \Vl,-\n)\ < 5%e'^\ 



|i'-i'|oo>4Af 

sup 

.\i'-j'\oo>\k'\ 
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where we have used (13 .17^ to obtain the last inequahty. This shows 
that 

(4.17) < (5%)' for all / > 1. 

Note that 

+N-'"\\A\\s]+2'\A^{w)f/'' 

x{ ., /^p 

\k\^>SN,k(iN1<i K'-i'loo>|fc|oo/2 



sup |a(i',j') 



sup \a{i',j') 



fc'ezd, |fc'U>v^/2 



+22'^+^(A,(t.))i/^ 5^ ( sup^ 
< 2^'^3^'^(Ag(M;))2/«iV-i/2p||^ ^ 2^^+333'^(A,(w;))2/^ 



E ( 



x( >^ I sup |a(i',j') 



as +00 

by the assumption A E B. Let be the integer chosen sufficiently 
large so that 

(4.18) e]v < 5-". 

Taking the limit as /q oo in (I4.15p . and using (I4.12p . (I4.17P and 
(|4:T8|) lead to 



oo 

(4.19) =: 5^ l^^(n-n')«;//l^^Ac||,,^, 



q,w 
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and 

(4.20) ( \WN{n)\^ <oo. 

Given any i G Z"', let n{i) be the unique integer in iVZ"^ with i G 
n{i) + {0,...,N -ly. Then 

(4.21) < Yl ^(^') ^ (6iV)''^^5(«^)«^(0 

|j'-i|oo<3Af 

by (14. ip . This together with (14.191) imphes that for any c G 



CI 



;0I < {QNr{Mw)Y/'^a:l^\\^:!^,^c,,.^ 



w 



x(EM(j-^')/iv)i(^c)(j)i) 

< {6Nf{A,iw)Y/^ 

{E( E w^^K^-j) + eiv))l(^c)(j)|} 

ieZ'' eG{-4,--- ,4}d 

(4.22) =: $^^?(.-j)l(^c)(j)|. 

Then the sequence {g{i)}i^^d just defined satisfies all requirements in 
Lemma ISSl by Km and Km . □ 

Now we proceed to prove Theorem 14. 1[ 

Proof of Theorem \4.1\ By Theorem 13. 2[ it suffices to prove the conclu- 
sion for any infinite matrix A ^ B. 
By Theorem 13. 2[ 

(4.23) \\Ac\\g,,^> < 2'"'3^/'^'{A,iw')y/^'\\A\\B\\c\\,,,^, for all c G 1^. 



Let {g{i)}i^z'i be the sequence in Lemma H75| and set 

(4.24) ^0 •= 5Z ( . Si^)) < oo. 
Then 

||c||,'x < ||(5^^?(^-j)l(^c)(j)|) ^ , , 

(4.25) < 2^''3''^'i'Ao{Aqiw')y/'''\\Ac\\q>,^' for all c G n £^'„ 
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where the first inequahty follows from (14.31) and the second inequality 
holds by Theorem 13.21 

Combining fl4.23p and fl4.25p proves the £^,-stability for the infinite 
matrix A & B. □ 

Finally we prove Corollary 11.31 

Proof of Corollary \1.3[ The necessity is well known, while the suffi- 
ciency follows from Theorem 13.21 and Corollary II. 6[ whose proof will 
be given in the next section. □ 

5. Inverse-closedness 

In this section, we prove Theorem II. 4[ Corollaries 11.51 and II. 6[ and 
the following Wiener's lemma for the subalgebra Bp^u of B^il^). 

Theorem 5.1. Let 1 < p,q < oo, w be a discrete Ag-weight, u := 
{u{i, be a p-submultiplicative weight matrix that satisfies (13. ip . 

(Q, 1^ and 

(5.1) M := sup u{i,i) < oo, 

andv := {v{i, j))ij^id be a companion weight matrix of the p-submultiplicative 
weight matrix u that satisfies (13.50 . // there exist D G (0, oo) and 
9 e (0, 1) such that 

(5.2) mf [An + Sjv(p)t) < Dt'^ for allt > 1 



where 



(5.3) Ajv := ^ sup v{i\,i' 



and 



p/(p-i) 



(5.4) Bn{p):= sup v{i',,j'){u{i\j'))-\ 

then BpM is an inverse-closed subalgebra of B^il^). 

One may verify that the weight matrices ((1 + \i — j|)°)i.jez'* with 
a > d{l — 1/p), and (exp(|i — j\^))ij(zzd with 6 G (0,1), and their 
companion weight matrices satisfy the conditions on weight matrices 
required in Theorem 15.11 [143] . Hence we have the following corollary of 
Theorem 15. 1[ 

Corollary 5.2. Let 1 < p,q < oo, w be a discrete Ag-weight, and let u 
be either {{l + \i-j\ooY)ij^j^d with a > d{l-l/p) or {exp{\i-j\l^))ij(,zd 
with 6 G (0, 1). Then Bp^u is an inverse- closed subalgebra of B{£lj). 
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5.1. Proof of Theorem 11.41 Let A E B have an inverse A ^ E 



B{£1). Then \\c\\,,n. < \\A-^BiC) 



\\Ac\\q^uj for all c E ilj, where 



16(0 



is the operator norm on Therefore A has £^-stability. By Lemma 

14.51 there exists a sequence liez^ such that (14. 2 p and fl4.3l) hold. 



Write A~ 

Jo 



{b{hj))i,j&i, set 



Co 



and for L > 1 



define c/ := (&Zo(»^> j))iezd, j e ^ , where k^iij) := b{ij) if \i - j\oo < 
lo and otherwise. Then c'" E 



(5.5) 



lim 



C 



and 



-J lie,'" 



0. 



Applying (14.31) to c'? gives 



(5.6) 



< 



J2gi^-^')\iAcf){^)l tEZ' 



By (O, dESD, and Theorem [321 

J2 9{^ - mA{c^^ - c,W)\ 



< Mz)'^/«||($^^7(z'-ni(^(c?-c,))(ni 



< 



2^d3^d/inj^i)~yi^Ag{w)f/'^\\A\ 



sup 

|j'|oc>|fc|c 



\9if)\ 



Jo 



C 



■J \ \Q,w 



q,w 



(5.7) as /o +00. 

Letting Zq — ^ +oo in (15.61) and applying (15. 7p gives 

(5.8) |&(^,J)I <^7(^-j) foralH,jeZ'^. 
Hence the conclusion A~^ E B follows from (14. 2 p and (15.80 . 



a[n)e 



□ 



Then 



5.2. Proof of Corollary [Tm Write /(O = E 

A := (a(z — belongs to B and has bounded inverse in B{i'^). 

Moreover, A^^ = {h{i — for the sequence b := (&(n))„gz de- 

termined by l//(0 = E„ez^(")e"^"^- % Theorem Ol ^4"! E B 
which in turn proves the desired conclusion that 1/fE A*{T). □ 

5.3. Proof of Corollary 11.61 The necessity follows from Theorem 
13.21 Now the sufficiency: Let l<g<oo,wbea discrete A^-weight, 
and let A G i3 have £^-stability. Then A has £^-stability by Theorem 
11.21 i.e., there exists a positive constant C such that 

C"ic||2 < ||Ac|| < C||c||2 for aU c E f. 



24 



QIYU SUN 



This implies that A* A has bounded inverse in Bli"^). On the other hand, 
A* A belong to B by Proposition 12.41 and Theorem 13.21 Therefore 

(5.9) {A*Ay^ G B 

by Theorem 11.41 Now we prove that B := {A*A)^^A* is the desired left 
inverse of the infinite matrix A in B. The conclusion that B E B follows 
from (15. 9p . Proposition 12.41 and Theorem 13.21 From the definition of 
the infinite matrix B, it defines a left inverse in Bli"^), it belongs to 
B{il) by Theorem O and B e B, and the set n il is dense in il. 
Therefore the infinite matrix B is a. left inverse in i3(£^). □ 

5.4. Proof of Theorem 15.11 To prove Theorem 15. we need a 
technical lemma. Similar results are established in [HI |33] for infinite 
matrices in the Grochenig-Schur class Sp^yijf" ^ if) and the Gohberg- 
Baskakov-Sjostrand class Cp^uil^ ,1^), see also Remark [3.41 



Lemma 5.3. Let 1 < p < oo. // the weight matrix u satisfies (I3.ip . 
(13. 2p . (I3.3p . (15. ip and (15. 2p for some positive constants D G (0, oo) and 

e G (0, 1), then 

(5.10) < 2^+^/^5('^-i)/^DP||;,+tP||^^^,) for all A G S^,.. 

Proof. Let A := (a(i, j))j jg^d G Sp^^, and let A]\f and B^^p) be as 
in (15. 3p and (15. 4 p respectively. Recall that |a(i,j)| < ||y4||g(^2) for all 
i,j G 1'^. Then for 1 < p < oo, 



^ |a(i, A;')|m(«, /c')|a(^', j)I^(^'> j) 

\k'-j\oo<N 

+ W{^,k')\u{^,k')\a{k',JMk',J: 

W-j\oo>N 

( / X — -V \ (P-1)/P 

< mf 5^ v{k",j)) 

\k"-j\oo<N 



X V (|a(^,A;')|«(^,fcOr^(^',j; 



E 

|fc'-j|oo<Af 

^ (p-l)/p 

Hk\3)\v{k\3y 



\k"-j\ao>N 

X 



( {W.k')\u{i,k')Y\a{k\3)\v{k\3) 



|fc'-iU>Af 



WIENER'S LEMMA FOR INFINITE MATRICES II 25 

Therefore we obtain 

{ E .^^P ( E H^,k')\u{^,k')\a{k',J)\v{k',J)yY'' 



< 

N>1 



inf |P||e(,2)(A;v) 



(p-i)/p 



E ^^P ^(^''j"^ 



p,u 

X E sup (|a(^',/)|«(^,/)r 



p>i i/p 



+\\Mi^'(yi s^p 

fceZd K'-i'|oo>max(|fc|oo/2,Af) 
t>(i', , j')\P/{P-l)\ {P-l)/P\ 1/P 
M(i'.j') / / / 

< 2i+2/^5(^-i)/^P||^^,„ inf + BMmK. 

< r,l+2/pc-(d-l)/pr)|| 

Similarly, we have 

Combining the above two estimates and applying (13.161) with B = A, 
we then get the desire conclusion (15.101) for 1 < p < oo. 

The conclusion (15.101) for p = 1 and for p = oo can be established 
similarly. We omit the details here. □ 

Having the above technical lemma, we can combine the arguments 
in im US] and Wiener's lemma for B to prove Theorem 15. 1[ 

Proof of TheoremlSJi Let A G and A"^ G I3{i^j. Then A'^ G 
B C by Theorems O and [^3 This implies that CJ < A* A < 

C2I for some positive constants Ci and C2, where A* is the conjugate 
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transpose of the matrix A and / is the identity matrix. Now set 

2 



(5.11) 
Then 
(5.12) 



B =1 



C1 + C2 



-A*A. 



On the other hand, A* A G Bp^u by Proposition 12.41 and Theorem 13. 2[ 
and / G Bp^u by (15. ip . This shows that 



(5.13) 



Given any integer n> 1, write n = Ylf=o ^^2' with ei G {0, 1}. Applying 
Theorem 13.21 and Lemma 15.31 iteratively gives 



< CiC\\B\\s,,Tm\^^,.) 



< 



„iog2(i+e) 



r, 



' 



(5.14) < Ci°^^'^(Croii?||e^J 

where C = max(22+2/P5('^-i)/PL', 2i+2/P5('i-i)/PMp(M)). This together 
with fl5.12p and fl5.13p shows that 



\A-'\ 



H„„ = UA*A)-'A*\\s,,^ 



A* + (^^5") A* 



n=l 



< 



C1 + C2 



(5.15) 



00 



„log2(l+9) 



ro I !> < 00. 



Hence the conclusion A ^ E Bp^u is proved. 



□ 



Acknowledgements The author would like to thank Professors 
Akram Aldroubi, Karlheinz Grochenig, Ilya Krishtal, Zuhair Nashed, 
Chang Eon Shin, Wai-Shing Tang for their various helps in the prepa- 
ration of this manuscript. 



WIENER'S LEMMA FOR INFINITE MATRICES II 



27 



References 

[1] A. Aldroubi, A. Baskakov and I. Krishtal, Slanted matrices, Banach frames, 

and sampling, J. Fund. Anal, 255(2008), 1667-1691. 
[2] A. Aldroubi and K. Grochenig, Nonuniform sampling and reconstruction in 

shift-invariant space, SI AM Review, 43(2001), 585-620. 
[3] R. Balan, The noncommutative Wiener lemma, linear independence, and spe- 
cial properties of the algebra of time-frequency shift operators. Trans. Amer. 

Math. Soc, 360(2008), 3921-3941. 
[4] R. Balan, P. G. Casazza, C. Heil, and Z. Landau, Density, overcompleteness 

and localization of frames I. Theory; II. Gabor system, J. Fourier Anal. AppL, 

12(2006), pp. 105-143 and pp. 309-344. 
[5] R. Balan and I. Krishtal, An almost periodic noncommutative Wiener's 

lemma. Submitted 2008. 
[6] A. G. Baskakov, Wiener's theorem and asymptotic estimates for elements of 

inverse matrices. Funktsional. Anal, i Frilozhen, 24(1990), 64-65; translation 

in Fund. Anal. Appl, 24(1990), 222 224. 
[7] E. S. BcUnskii, E. R. Liflyand, and R. M. Trigub, The Banach algebra A* 

and its properties, J. Fourier Anal. Appl., 3(1997), 103-129. 
[8] A. Bem-ling, On the spectral synthesis of bounded functions, Ada Math., 

81(1949), 225-238. 

[9] S. Bochner and R. S. Phillips, Absolutely convergent Fourier expansions for 

non-commutative normed rings, Ann. Math., 43(1942), 409-418. 
[10] D. Borwein, Linear functionals connected with strong Cesaro summability, J. 

London Math. Soc, 40(1965), 628-634. 
[11] L. Brandenburg, On identifying the maximal ideals in Banach algebra, J. 

Math. Anal. Appl, 50(1975), 489-510. 
[12] O. Christensen and T. Strohmer, The finite se(;tion method and problems in 

frame theory, /. Approx. Th., 133(2005), 221-237. 
[13] S. Dahlke, M. Fornasier, and K. Grochenig, Optimal adaptive computations 

in the Jaffard algebra and localized frames, J. Approx. Th., to appear. 
[14] C. Fefferman and E. M. Stein, Some maximal inequalities, Amer. J. Math., 

93(1971), 107-115. 

[15] H. Feichtinger, An elementary approach to Wiener's third tauberian theo- 
rem for the Euclidean n-space. Symposia Mathematica, Vol. XXIX ( Cortona, 
1984), PP- 267-301, Sympos. Math., XXIX, Academic Press, New York, 1987. 

[16] H. G. Feichtinger and F. Weisz, Wiener amalgams and pointwise summability 
of Fourier transforms and Fourier series. Math. Proc. Cambridge Philos. Soc., 
140(2006), 509-536. 

[17] G. Fendler, K. Grochenig, and M. Lcinert, Symmetry of weighted L^-algebras 
and the GRS-condition, Bull. London Math. Soc., 38(2006), 625-635. 

[18] J. Garcia-Cuerva and J. L. Rubio de Prancia, Weighted Norm Inequalities 
and Related Topics, Elsevier Science Publ. Now York, 1985. 

[19] I. M. Gelfand, D. A. Raikov, and G. E. Silov, Commutative Normed Rings, 
New York: Chelsea 1964. 

[20] I. Gohberg, M. A. Kaashock, and H. J. Wocrdeman, The band method for 
positive and strictly contractive extension problems: an alternative version 
and new applications. Integral Equations Operator Theory, 12(1989), 343- 
382. 



28 



QIYU SUN 



[21] K. Grochenig, Wiener's lemma: theme and variations, an introduction to 
spectral invariance and its applications, In Four Short Courses on Har- 
monic Analysis: Wavelets, Frames, Time- Frequency Methods, and Applica- 
tions to Signal and Image Analysis, edited by P. Massopust and B. Forster, 
Birkhauser, Boston 2010. 

K. Grochenig, Time-frequency analysis of Sjostrand's class. Rev. Mat. 
Iberoam., 22(2006), 703-724. 

K. Grochenig and A. Klotz, Noncommutative approximation: inverse-closed 
subalgebras and off-diagonal decay of matrices, arXiv:0904.0386vl 
K. Grochenig and M. Leinert, Wiener's lemma for twisted convolution and 
Gabor frames, J. Amer. Math. Soc, 17(2003), 1-18. 

K. Grochenig and M. Leinert, Symmetry of matrix algebras and symbolic 
calculus for infinite matrices. Trans, Amer. Math. Soc, 358(2006), 2695- 
2711. 

K. Grochenig and Z. Rzeszotnik, Almost diagonlization of pseudodifferntial 
operators, Ann. Inst. Fourier, 58(2008), 2279-2314. 

K. Grochenig, Z. Rzeszotnik, and T. Strohmer, Quantitative estimates for the 
finite section method, arXiv:math/0610588Vl 

K. Grochenig and T. Strohmer, Pseudodifferential operators on locally com- 
pact abelian groups and Sjostrand's symbol class, J. Reine Angew. Math., 
613(2007), 121-146. 

S. Jaffard, Properietes des matrices bien localisees pres de leur diagonale et 
quelques applications, Ann. Inst. Henri Poincare, 7(1990), 461-476. 
I. Krishtal, Wiener's lemma and memory localization. Preprint 2009. 
I. Krishtal and K. A. Okoudjou, Invertibility of the Gabor frame operator on 
the Wiener amalgam space, J. Approx. Th., 153(2008), 212-224. 
V. G. Kurbatov, Algebras of difference and integral operators, Funktsional 
Anal. i. Prilozhen, 24(1990), 87-88. 

P. G. Lemarie-Rieusset, Ondelettes et poids de Muckenhoupt, Studia Mathe- 
matica, 108(1994), 127-147. 

B. Muckenhoupt, Weighted norm inequalities for the Hardy maximal function. 
Trans. Amer. Math. Soc, 165(1972), 207-226. 

M. A. Naimark, Normed Algebras, Wolters-Noordhoff Publishing Groningen, 
1972. 

M. Rosenblum, Summability of Fourier series in LP{dfi), Trans. Amer. Math. 
Soc, 105(1962), 32-42. 

I. Schur, Bemerkungen zur theorie der beschrnkten bilinearformen mit un- 
endlich vielen vernderlichen, J. Reine Angew. Math., 140(1911), 1-28. 

C. E. Shin and Q. Sun, Stability of localized operators, J. Funct. Anal., 
256(2009), 2417-2439. 

J. Sjostrand, Wiener type algebra of pseudodifferential operators. Centre 
de Mathematiques, Ecole Polytechnique, Palaiseau France, Seminaire 1994- 
1995, December 1994. 

E. M. Stein, Harmonic Analysis: Real- Variable Methods, Orthogonality, and 
Oscillatory Integrals, Princeton University Press, 1993. 

Q. Sun, Wiener's lemma for infinite matrices with polynomial off-diagonal 
decay, C. R. Acad. Sci. Paris, Ser. I, 340(2005), 567-570. 



WIENER'S LEMMA FOR INFINITE MATRICES II 



29 



[42] Q. Sun, Non- uniform sampling and reconstruction for signals with finite rate 
of innovations, SI AM J. Math. Anal, 38(2006), 1389-1422. 

[43] Q. Sun, Wiener's lemma for infinite matrices. Trans. Amer. Math. Soc, 
359(2007), 3099-3123. 

[44] Q. Sun, Wiener's lemma for localized integral operators, Appl. Comput. Har- 
monic Anal, 25(2008), 148-167. 

[45] Q. Sun, Frames in spaces with finite rate of innovations. Adv. Comput. Math., 
28(2008), 301-329. 

[46] Q. Sun, Stability criterion for convolution-dominated infinite matrices, Proc. 

Amer. Math. Soc, to appear. arXiv:0907.3954vl 
[47] M. Takesaki, Theory of Operator Algebra I, Springer- Verlag, 1979. 
[48] S. A. Telyakovskii, On a sufficient condition of Sidon for the integrability of 

trigonometric series. Mat. Zameki, 14(1973), 317-328. 
[49] R. Tessera, Finding left inverse for operators on £p{Z'^) with polynomial decay, 

arXiv:0801.1532, 

[50] N. Wiener, Tauberian theorem, Ann. Math., 33(1932), 1-100. 

Department of Mathematics, University of Central Florida, Or- 
lando, FL 32816, USA 

E-mail address: qsunQmail . ucf . edu 



